Abstract. Using properties of Gauss and Jacobi sums, we derive explicit formulas for the number of solutions to a diagonal equation of the form x 
Introduction
Let F q be a finite field of characteristic p > 2 with q = p s elements, η be the quadratic character on F q (η(x) = +1, −1, 0 according as x is a square, a non-square or zero in F q ), and F * q = F q \ {0}. A diagonal equation over F q is an equation of the type a 1 x
where a 1 , . . . , a n ∈ F * q , b ∈ F q and d 1 , . . . , d n are positive integers. As x j runs through all elements of F q , x The pioneering work on diagonal equations has been done by Weil [14] , who expressed the number of solutions in terms of Gauss sums. For certain choices of coefficients a 1 , . . . , a n , b, exponents d 1 , . . . , d n and finite fields F q , the explicit formulas for the number of solutions can be deduced from Weil's expression, see [3, 4, 6, 8, 10, 11, 12, 13, 15, 16] for some results in this direction. However, in general, it is a difficult task to determine N[a 1 x d 1 1 + · · · + a n x dn n = b]. In this paper, we consider a diagonal equation of the form 
where m is a positive integer with 2 m | (q − 1). It is well known (see [ 
Preliminary lemmas
Let, as usual, ζ k = exp(2πi/k). Let ψ be a nontrivial character on F q . We extend ψ to all of F q by setting ψ(0) = 0. The Gauss sum G(ψ) over F q is defined by
is the trace of x from F q to F p . The next lemma gives an expression for N[a 1 x d 1 1 + · · · + a n x dn n = 0] in terms of Gauss sums. Lemma 1. Let a 1 , . . . , a n ∈ F * q , d 1 , . . . , d n be positive integers, d j divides q − 1 for all j, and let ψ j be a character of order
Proof. See [4, Theorems 10.3.1 and 10.4.2] or [10, Equation (6.14)].
We recall some properties of Gauss sums, which will be used throughout this paper.
Lemma 2. Let ψ be a nontrivial character on F q . Then
Proof. See [4, Theorem 1.1.4(a, d)] or [10, Theorem 5.12(iv, v) ].
The evaluation of the quadratic Gauss sum G(η) is given in the following lemma.
Lemma 3. We have
Proof. See [4, Theorem 11.5.4] or [10, Theorem 5.15] .
The next lemma is a particular case of the Stickelberger theorem.
Lemma 4. Let p ≡ 3 (mod 8), 2 | s and ψ be a biquadratic character on F q . Then
Proof. See [4, Theorem 11.6.3] .
The following lemma is a special case of the Davenport-Hasse product formula for Gauss sums.
Lemma 5. Let ψ be a nontrivial character on F q with ψ = η. Then
Proof. Let ψ be a nontrivial character on F q . The Jacobi sum J(ψ) over F q is defined by
An important relationship between Jacobi sums and Gauss sums is presented in the next lemma.
Lemma 6. Let ψ be a nontrivial character on F q with ψ = η. Then
Proof. Let ψ be a character on F q . The lift ψ ′ of the character ψ from F q to the extension field F q r is given by
where
is the norm of x from F q r to F q . The basic properties of the lift ψ ′ of ψ from F q to F q r are recorded in the next lemma.
Lemma 7. Let ψ be a character on F q and let ψ ′ denote the lift of ψ from F q to F q r . Then The following lemma, which is due to Davenport and Hasse, gives the relationship between a Gauss sum and its lift.
Lemma 8. Let ψ be a nontrivial character on F q and let ψ ′ denote the lift of ψ from
Proof. See [4, Theorem 11.5.2] or [10, Theorem 5.14].
Now we turn to the case p ≡ ±3 (mod 8). The next three lemmas were established in our earlier paper [2] in more general settings (see Lemmas 2.2, 2.13, 2.16, respectively).
Lemma 9. Let p ≡ ±3 (mod 8), r be an integer, and ξ be a 2 k th primitive root of unity, where r ≥ 3 and k ≤ r. Then
Lemma 10. Let p ≡ ±3 (mod 8) and ψ be a character of order 2 r on F q , where
Lemma 11. Let p ≡ ±3 (mod 8) and ψ be a character of order 2 r on F q , where r ≥ 3. Then
We next relate Gauss sums over F q to Jacobi sums over a subfield of F q .
Lemma 12. Let p ≡ 3 (mod 8) and ψ be a character of order 2 r on F q , where r ≥ 3. Assume that 2 r+1 | (q − 1). Then ψ 2 r−3 is equal to the lift of some octic character χ on F p s/2 r−2 . Moreover, G(ψ) = q (2 r−2 −1)/2 r−1 J(χ).
Proof. We prove the assertion of the lemma by induction on r. Let 16 | (q −1) and ψ be an octic character on F q . As 4 | s, we have 8 | (p s/2 −1), and Lemma 7 shows that ψ is equal to the lift of some octic character χ on F p s/2 , that is, χ ′ = ψ. Lemmas 6 and 8 yield
Note that χ 2 has order 4. Thus, by Lemma 4, G(χ 2 ) = −q 1/4 , and so G(ψ) = q 1/4 J(χ). This completes the proof for the case r = 3.
Suppose now that r > 3, and assume that the result is true when r is replaced by r − 1. Let 2 r+1 | (q − 1) and ψ be a character of order 2 r on F q . Since s is even, we have
where ν 2 (z) denotes the 2-adic valuation of z ∈ Z + , i.e., 2
, and so 2 r | (p s/2 − 1). By Lemma 7, ψ is equal to the lift of some character ρ of order 2 r on F p s/2 , that is ρ ′ = ψ. Applying Lemmas 3, 5, 8, 10, 11 and using the fact that 8 | s, we deduce
where η 0 denotes the quadratic character on F p s/2 . Note that ρ 2 has order 2 r−1 and
. It remains to show that ψ 2 r−3 is equal to the lift of χ. Indeed, for any x ∈ F q we have
Therefore χ ′ = ψ 2 r−3 , and the result now follows by the principle of mathematical induction.
For the case p ≡ −3 (mod 8) a similar result is given in the next lemma.
Lemma 13. Let p ≡ −3 (mod 8) and ψ be a character of order 2 r on F q , where
Proof. The proof is analogous to that of Lemma 12.
From now on we shall assume that p ≡ ±3 (mod 8), 2 m | (q − 1), λ is a fixed character of order 2 m on F q and
We observe that 2 m−2 | s. To simplify notation, put
For t = 0, 1, . . . , m, set
Then (4) can be rewritten in the form
For r = 1, 2, . . . , m and any odd integer c 0 , set
In this notation we can write
Lemma 14. We have
and, for 3 ≤ r ≤ m,
and c 0 ≡ 5 or 7 (mod 8), 0 otherwise.
Proof. We first observe that
Now assume that 3 ≤ r ≤ m. Since λ 2 m−r has order 2 r and ±p 0 , ±p 1 , . . . , ±p
is a reduced residue system modulo 2 r , we conclude that
Applying Lemma 2(b), we obtain
If r ≤ t, then ζ 
Appealing to Lemma 9, we deduce that
and the result follows from (7) . Next assume that r = t + 3. Again by Lemma 9,
The result now follows from (7) and the fact thatζ 
If p ≡ −3 (mod 8) and t ≤ m − 2, then
The case
Lemma 16 allows us to evaluate G(λ 
Proof. Since 2 m (q − 1), it follows from Lemma 2(a) that
If m = 3, then, by Lemmas 4 and 6,
If m ≥ 4, then Lemmas 3, 5, 10, 11 and 16 yield
Thus, in both cases,
Note that A m−1 into (9) and taking square roots of both sides, we find that
We are now ready to determine the number N of solutions to (2) in the case p ≡ 3 (mod 8). In the proofs of the next two theorems, we shall frequently employ Lemmas 14-17 and Corollary 15 without further comments. Proof. Since 2 m+1 | (q − 1), m ≥ 3 and λ 2 m−2 has order four, we see that 
Next,
Now assume that 2 ≤ t ≤ m − 3, m ≥ 5. Then
Therefore,
This yields
Finally, we have
and so
Substituting (10)- (14) into (5), we obtain the asserted result. If m = 4 then If m ≥ 5 then 
If m ≥ 4, then
if m = 4, and
It is easy to check that S 2 , . . . , S m−4 (for m ≥ 6) and S 1 (for m ≥ 5) are determined by (12) and (13), respectively. Moreover, if m ≥ 4, then S 0 is determined by (14) . For m = 3, we have
Substituting (12)- (20) into (5), we obtain the desired result.
The case p ≡ −3 (mod 8)
In this section, let p ≡ −3 (mod 8), q = p s ≡ 1 (mod 2 m ), m ≥ 2. As in the previous sections, λ denotes a fixed character of order 2 m on F q . For r = 1, 2, . . . , m − 1, define the integers C r and D r by
If 2 m+1 | (q − 1) (or, equivalently, 2 m−1 | s), we extend this notation to r = m. It is well known [4, Lemma 3.0.1] that for each fixed r, (21) determines C r uniquely but determines D r only up to sign. Further, if χ is a biquadratic character on F p s/2 r−1 then J(χ) = C r ± |D r |i (see [9, Proposition 2] ). Appealing to Lemma 13, we obtain the following result.
Lemma 20. Let r be an integer with 2 r+1 | (q − 1) and 2 ≤ r ≤ m. Then
To find G(λ) ± G(λ) in the case when 2 m (q − 1), we need the next result.
Lemma 21. Assume that 2
and
Proof. By employing the same type of argument as in the proof of Lemma 17, we see that
As q We are now in a position to derive explicit formulas for N when p ≡ −3 (mod 8). We shall be using Lemmas 14, 20, 21 and Corollary 15 without mention.
The integers C r and |D r | are uniquely determined by (21).
Proof. We have
Consequently,
Assume now that 1 ≤ t ≤ m − 2, m ≥ 3. Then
Finally,
Substituting (22)- (24) into (5), we obtain the assertion of the theorem. 
Proof. Since 2 m−2 s, we conclude that
if m = 2, and
if m = 2, and 
It is readily seen that for m ≥ 3 the sums S 0 , . . . , S m−3 are determined by (23) and (24). Substituting (23), (24), (25), (27), (29) into (5), we deduce the desired result.
Numerical results
The theoretical results of this paper are supported by numerical experiments. Some numerical results are listed in Table 1 .
Concluding remarks
The results of the previous sections can be applied to some other diagonal equations. As before which is a special case of a result of Sun [12] . Finally, we notice that in the more general case where f is a nondegenerate quadratic form over F q in an even number k of variables, we have 
